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1) Problem Statement

•k-Center: Given n points, choose k of them to minimize
largest distance from a point to a center.

•Coverage requirement p: can choose n− p points to omit.
•With colors: each color has a coverage requirement.
•Example: Red points and blue points with coverage require-
ments r and b.

n = 18, |R| = 10, |B| = 8
k = 3, r = 8, b = 5
Minimize ρ

ρ
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ρ

1

•Our algorithm easily generalizes to more color classes

4) 3-Approximation Outline

Close one of the extra centers
•Phase I:
�Guess some centers of optimal solution to maximize number
of red points in special Gain region

•Phase II:
�Remove Dense sets and solve subset-sum to add centers to
solution
�Run 2-Approx (k+1) centers and close one center

Assume no ball of radius 3·(OPT radius) covers 2 optimal clus-
ters

6) Phase II

•Point j is dense if B(j) contains strictly more than 2·τ red
points of Ps

•Define: Ij ⊆ Ps contain those points i ∈ Ps such that B(i) ∩
B(j) contains strictly more than τ red points of Ps
Initially, let I = ∅ and Ps = P4. While there is a dense point
j ∈ Ps:
•Add Ij to I , update Ps by removing Dj = ∪i∈IjB(i) ∩ Ps.

•Let Pd = ∪jDj
•Use flow network/dynamic program-
ming to find dense points that belong
in solution set

j

Dense set Dj
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•2-Approx (k+1) centers on Ps to complete solution
•Can remove a center, since number of red points in all flowers
from Ps is bounded by 3·τ , which Guess makes up for

8) Open Questions

•Tight 2-approximation?
• Integrality gap example for SoS doesn’t fool knapsack, and
vice versa
�SoS hierarchy on LP with added flow constraints?

2) Motivation

•Fairness
� In k-center without colors, every member of a certain group
may be treated as an outlier

•Algorithmic challenges
�Subset-sum problem
�Clustering

A =
∑n

i=1 ai, r = k ·A+A/2, b = k ·A−A/2

ri = A+ ai, bi = A− ai
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3) Previous Results

Best approx Tight? Authors
k-center 2 Yes T. F. Gonzalez

k-center with 2 Yes D. Chakrabarty, P. Goyal
outliers R. Krishnaswamy

•Colorful k-center: S. Bandyapadhyay, T. Inamdar, S. Pai, K.
Varadarajan:

5) Phase I

•Optimal radius from feasibility LP re-
laxation.

•Gain(p, q): flower(q)\B(p) that max-
imizes number of red points

p q
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Guess c1, c2, c3 optimal centers and find qi ∈ B(ci) such that
number of red points in Gain(ci, qi)∩Pi is maximized over
all possible ci, where

P1 = P

Pi = Pi−1 \ flower(qi) for 2 ≤ i ≤ 4.

•Define Guess := B(c1) ∪ B(c2) ∪ B(c3)
•Define τ = |Gain(c3, q3) ∩ P3|

7) LP Integrality Gaps

Sum-of-Squares
•Linear rounds of SoS are
required to close integrality
gap for following example,
k = n, r = b = 2n, n odd

•Need radius to cover 2 balls
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S comes from LP1 which has unbounded integrality gap and there is no feasible
subset-sum solution with the clusters in S as the items.

The Sum-of-Squares (abbreviated SoS, equivalently Lasserre [15, 16]) hier-
archy is a method of strengthening linear programs that has been used with
varying degrees of success in constraint satisfaction problems, set-cover, and
graph coloring, to just name a few examples [2, 8, 17]. For a succinct definition
see [14]. A known weakness of SoS is in recognizing the infeasibility of knapsack
constraints. Likewise, we show that SoS does not improve the integrality gap of
LP1 in a small number of rounds.

We use a reduction from Grigoriev’s SoS lower bound for knapsack [10].

Theorem 3 (Grigoriev). At least min{2bk/2, n− k/2c+ 3, n} rounds of SoS
are required to recognize that the following is infeasible for k ∈ Z odd.

n∑

i=1

2xi = k, xi ∈ {0, 1} ∀i. (2)

Consider an instance of colorful k-center with 8n points, k = n, r = b = 2n,
and n odd. The points are in pairs of clusters of radius one. There are three blue
points and one red point in one cluster and one blue point and three red points in
the other, as shown in Figure 3. In an optimal integer solution, one center needs
to cover two of these clusters while a fractional solution satisfying LP1 can open
1/2 of a center around each cluster. Hence, LP1 has an unbounded integrality
gap since the clusters can be arbitrarily far apart. This instance takes an odd
number of copies of the integrality gap example given in [4].

n

Fig. 3. Integrality gap example for linear rounds of SoS.

We can do a simple mapping from a feasible solution for the tth round of
SoS on (2) to our variables in the tth round of SoS on LP1 for this instance
to demonstrate that the infeasibility of balls of radius one is not recognized.
Intuitively, we can assign a variable xi to each pair of clusters of radius one
as shown in Figure 3, corresponding to opening each cluster in the pair by xi
amount. Then a feasible opening of centers reduces to a feasible assignment of
variables in Theorem 3. Formal details can be found in the full version.

Theorem 4. The integrality gap of LP1 with 8n points persists up to n rounds
of Sum-of-Squares. �

Knapsack Constraints
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Appendix A Dynamic Programming for Dense points

In this section we describe the dynamic programming algorithm discussed in
Lemma 4. As stated in the proof of Lemma 4, given I = ∪jIj and correct
guesses for kd, bd, rd, we need to find kd balls of radius one centered at points
in I covering bd blue and rd red points with at most one point from each
Ij ∈ I picked as a center. To do this, we first order the sets in I arbitrarily
as I = {Ij1 , . . . , Ijm},m = |I|. We create a 4-dimensional table T of dimension
(m, bd, rd, kd). T [m′, b′, r′, k′] stores whether there is a set of k′ balls in the first
m′ sets of I covering b′ blue and r′ red points. The recurrence relation for T is

T [0, 0, 0, 0] = True

T [0, b′, r′, k′] = False, for any b′, r′, k′ 6= 0

T [m′, b′, r′, k′] =





True if T [m′ − 1, b′, r′, k′] = True

True if ∃c ∈ Ijm′ s.t. T [m′ − 1, b′′, r′′, k′ − 1] = True, for

b′′ = b′ − |B(c) ∩B|, r′′ = r′ − |B(c) ∩R|
False otherwise

.

The table T has size O((m+ 1) · (n+ 1) · (n+ 1) · (n+ 1)) = O(n4) since the
first parameter has range from 0 to m, and the other parameters can have value
0 up to at most n. Moreover, since |Ij | ≤ n for all Ij ∈ I, we can compute the
the whole table in time O(n5) using e.g. the bottom-up approach. We can also
remember the choices in a separate table and so we can find a solution in time
O(n5) if it exists.

Appendix B Flow Constraints

In this section we add additional constraints to LP1 that incorporate natural
subset-sum requirements for the fractional centers produced by LP1. The objec-
tive is to obtain a better clustering, but we show that this fails to reduce the
integrality gap.

We define an instance of a multi-dimensional subset-sum problem. Each point
p ∈ P corresponds to an item with three dimensions: a dimension of size one,

Flow 2

Flow 1

Fig. 4. k = 3, r = b = 8•Let k = 3, r = b = 8 and
add flow constraints to LP to
model knapsack problem

•Fractional assignment of 1/2
to each ball satisfies flow
constraints


